In this paper, an inverse approach based on the inherent strain method has been proposed for constructing the residual stress field induced by welding. Firstly, some smooth basis functions in the form of polynomials have been employed to approximate inherent strains. To select the basis functions properly, previous valuable knowledge about distributions of residual stresses for some typical welding structures should be considered. Furthermore, singular modes in the assumed inherent strain that do not cause residual stresses should be excluded. In this way, a stable profile of the inherent strain field can be assumed. Secondly, by employing the finite element method (FEM) and the least-squares technique, the inherent strain field can be identified from the experimental data at some key points. The proper selection of positions of experimental points has also been considered. Finally, the distribution of residual stresses can be constructed efficiently by using the obtained inherent strain field. Compared with the traditional inherent strain method, in the present work the sensitivity matrix for predicting inherent strains can be evaluated more effectively and experimental data needed in the identification procedure can be reduced significantly. Some typical examples have been presented to demonstrate the effectiveness of the present method.
INTRODUCTION
Welding is a joint procedure in which residual stresses are inevitably produced because of the high thermal gradient. It is very important to determine the residual stress accurately for the structural design and lifetime assessment. During past decades, many researches have been conducted to determine the residual stress. Firstly, various experimental methods [1] have usually been used to measure the residual stress, which can be categorized into destructive and non-destructive methods. Secondly, with the development of computers and commercial codes based on the finite element method (FEM) analysis, various welding processes have been simulated numerically in the past three decades. Some results are successfully reported for obtaining residual stresses in spite of their complexities. In this kind of approach, both the heat transfer analysis and thermal elastoplastic analysis of the weld process can be carried out in the framework of a general non-linear FEM.
A detailed review about the simulation of welding has been given by Lindgren [2] [3] [4] . Generally speaking, numerical results have to be verified by experimental results to demonstrate their accuracy [5] . Thirdly, some hybrid methods have also been proposed in order to obtain physically reasonable results, which fulfil some physical laws, such as self-equilibrium conditions, stress boundary conditions, etc. However, except for some simple cases [6, 7] , it is not easy to construct the residual stress fulfilling the physical laws directly. Ueda and co-workers proposed the inherent strain method [8-10] to measure the residual stress, which was also classified into destructive experimental methods [5] . It was also named as the 'hybrid method' since it is conducted by marrying experimental methods, e.g. the sectioning method, to the FEM technique. Hill [11] has discussed the inherent strain method in detail from various aspects. At the same time, he proposed a localized inherent strain method, which can measure the residual stress in the selected area with fewer unknown inherent strain parameters than those of the original method proposed by Ueda and Fukuda [8] . Furthermore, by employing the inherent strain method, Chien et al. [12] proposed an iterative optimization strategy based on the FEM to find the inherent strain, and then estimated the residual stress.
In the current research, an inverse approach is presented in order to determine residual stress fields based on the inherent strain method. The pivotal idea in this research is to introduce some polynomials of specific order as basis functions used to approximate the inherent strain field. The singular modes in inherent strains and proper selection of the positions of experimental points are also considered in the current work. When comparing with the traditional inherent method [8] , the major advantages of the current approach can be stated as:
1. The experimental data needed can be reduced significantly. 2. The singular modes in inherent strains can be easily excluded in order to obtain a stable profile of the inherent strain field if the smooth basis functions are chosen properly. 3. The stability of the results of residual stresses can be improved effectively.
In order to demonstrate the effectiveness of the present approach, various examples, including a practical experimental example, have been used. From these examples, it is found that the present approach can identify residual stresses accurately and stably by using only a small number of experimental data. The properties of the present approach have been investigated and discussed in detail for its future practical application.
THEORY

Traditional inherent strain method
In this section, the traditional inherent strain method [8] will be outlined briefly since the present approach is based on it. In this method, the key idea is that the residual stress field is induced by incompatible strains, and can be determined as
where ó is the residual stress, D denotes the elastic matrix, å is the total strain and å ¤ is the incompatible strain. For simplicity, the discussion here will be focused on plane problems although the idea can easily be extended into three-dimensional cases. For plane problems, the quantities in equation (1) are óˆfó x ó y ô xy g T , åˆfå x å y xy g T and
It should be noted that the shear strain ¤ xy is usually not considered. The ill-fitting strain field å ¤ could be produced by plastic deformation, thermal strain, phase transformation, etc. Ueda and Fukuda [8] referred to the sum total of all those possible causes of incompatible strains as the 'inherent strain', which is also called 'eigenstrain' by some other researchers [11] . The task is to find the distribution of the inherent strain å ¤ with the aid of the experimental results given at some points and to determine the residual stresses eventually. Taking a welding plate in Fig. 1 as an example, when employing the FEM technique, the main procedures [8] in the traditional inherent strain method can be described as:
1. The inherent strain field is represented by a vector p, which contains the components of the inherent strains at the mesh points in the plate, e.g. the black point in Fig. 1 . 2. The inherent strain field p is assumed to induce the residual stresses ó F at the experimental points (i.e. the white point in Fig. 1 ) as follows:
where S is an n 3 m sensitivity matrix, which represents the change of the residual stresses at the experimental points caused by unit change of one component in p at a mesh point. Furthermore, n is the number of residual stress components measured at the experimental points and m is the number of unknown parameters in p.
Usually, for simplicity, the body is discretized in such a way that experimental points are coincident with element nodes. For computing the sensitivity matrix, a unit change of one component in p at a mesh point is assumed as shown in Fig. 1 . By introducing this inherent strain into its surrounding elements, the equivalent nodal force vectors of these elements can be evaluated via the local constitutive relation and the local strain-displacement relation. The displacement vector caused by the nodal forces can be solved and the strain field å can be calculated. Finally, the residual stresses at the experimental points can be evaluated from equation (1) . Then, one column in S can be determined using the residual stresses. 3. The unknowns p are determined by minimizing the difference between experimental stresses and numerically calculated stresses in the least-squares sense as
where ó E are the stresses measured by experimental methods. 4. After determining p, the residual stress field can be obtained easily by solving a standard FEM problem with a determined initial strain field.
This approach is a typical technique for solving inverse problems. To solve it, n, i.e. the number of experimental data, should be equal to or larger than m, i.e. the number of unknown parameters in p. Therefore, a large number of experimental data is generally required in the traditional inherent strain method. Furthermore, the problem described previously is usually an ill-conditioned problem, even when enough experimental data can be used. For example, a small error in experimental data would cause significant changes in the distribution of the inherent strain. Generally speaking, the first reason for this instability is the singular modes in the inherent strain. It should be noted that the inherent strains can be broken into two parts: the effective inherent strain, which causes the residual stresses, and the ineffective part (or singular mode), which makes no contribution to residual stresses. Theoretically, the singular modes can be defined as the parts in the inherent strain that can meet the compatible conditions of strain and do not lead to the residual stress. For plane problems, the compatible conditions of strain can be expressed as
The second reason can be attributed to the inappropriate locations of experimental points. For instance, an experimental point where both the experimental results and the FEM results are very small may lead to a poor sensitivity matrix.
To overcome these two main problems in the traditional inherent strain method, i.e. excessive experimental data and the instability of the solution in inverse problems, three regularization techniques have been advocated in the current approach.
Regularization strategy in inverse problems
In this section, these regularization techniques are discussed in detail.
1. Some polynomials of specific orders are used as basis functions to approximate and simulate the inherent strain field. For instance, for plane problems, the inherent strain field å ¤ can be simulated using two polynomials as
where a is a vector containing the coefficients in the polynomials, e.g. a 1 , a 2 , a 3 , . . ., a k . The unknown coefficients in the polynomials can be determined through some selected nodes in the domain or on the boundary. This approach is similar to the key-node method [13], which was originally proposed for determining the distribution of boundary tractions. The selected nodes for determining the unknown coefficients in polynomials are called key-nodes. Naturally, there is no general rule to determine the order of the polynomials for simulating the inherent strain field; this task is experience-dependent and still a problem. The poor choice of the order of the polynomials may lead to an increase in the experimental data and instability of the solution. To determine the order of the polynomials used to approximate the inherent strain field properly, application of the following two rules can be considered: (a) to employ previous knowledge accumulated numerically or experimentally about the inherent strains (e.g. Ueda et al.
[9] have given a distribution of the inherent strain for the welding of a large plate); (b) to estimate the order of the polynomial of the inherent strain from equation (1) approximately by employing the results of the residual stress given by experiments since the matrix D is constant and known. 2. After appropriately selecting the order of the polynomials, the second step proposed here is to exclude the singular modes in the inherent strain. Due to the explicit form of the inherent strains in the form of polynomials, in this case some terms in the polynomials corresponding to the singular modes, which satisfy the compatibility conditionof strain in equation(4) explicitlyand obviously, can be recognized and removed comparatively easily. 3. The proper selection of positions of experimental points, also called key points, is carried out. This objective is realized by introducing the singular value decomposition (SVD) method [14] to analyse the property of the sensitivity matrix and to solve the present problem. For the n 3 m sensitivity matrix S in equation (2),
where R is an orthogonal n 3 n matrix, W is an n 3 m diagonal matrix containing positive components denoting singular values and Q is an orthogonal m 3 m matrix. The decomposition in equation (6) is unique no matter how singular the sensitivity matrix is, which can be seen as a generalization of the spectral decomposition, where the couple {w Then, equation (6) can be used to solve equation (3) directly:
where ó R is the left-hand term in equation (3).
When some of the singular values w i are zero or near zero, the sensitivity matrix is ill-conditioned. This implies that the present positions of experimental points are not suitable. Thus, the positions of experimental points should be adjusted to enhance these small singular values. Generally speaking, this step can be applied for some complex problems, in which the distribution of residual stresses is completely unclear in advance. In the current approach, the positions of key points for collecting experimental data can be different from those of key-nodes. Then the positions of experimental points can be freely chosen.
Computation of sensitivity matrix
When using polynomials to approximate the inherent strain field, the computation of the sensitivity matrix is different from that in the traditional inherent strain method [9] . For the same welding plate problem, as discussed above, a source area as shown in Fig. 2 , where the inherent strain field is located, should first be assumed approximately. Out of this area, the inherent strain is thought to be zero. This estimation can be obtained from experiences and experimental data by considering the exact location of the welding area. Then, to relate the unknown coefficient vector a in equation (5) to some parameters with explicit physical meaning, some key-nodes, which are shown as the black points in Fig. 2 , should be selected within the source area. The components of inherent strains at these nodes, which are selected to determine the unknown coefficient vector a, can be expressed as
where n is the number of unknown coefficients in vector a and å ¤ i are the components of inherent strains at key-nodes in the x axis or y axis directions according to the assumption of the inherent strains, shown in equation (5).
When the component number of inherent strain in the vector p are equal to the number of unknown coefficients in the vector a, a can easily be estimated as
This is a one-to-one linear mapping process. Therefore, the distribution of the inherent strain field in equation (5) can be determined. This means that the inherent strain field can be implicitly related to the vector p, which represents the components of inherent strains at the key-nodes. Without loss of generality, it will be assumed that there are n unknown coefficients in vector a. Then the sensitivity matrix can be calculated in the following procedure. Let iˆ1:
1. For p in equation (8), assume that the ith component is equal to one and other components are zero. Using p and equation (9), the unknown coefficients of polynomials, i.e. a in the inherent strain field in equation (5), can be determined. Then, from the distribution of the inherent strain field, the elemental nodal force vectors f e can be determined. It should be noted that the part of the inherent strain field out of the source area should be cut when computing the elemental nodal force load vectors shown in Fig. 2 . Also, the elastic elemental stiffness matrix k e can be formed easily. In this research, an element [15] technique proposed by the authors previously has been adopted to perform the FEM computation more accurately. With the explicit expressions of submatrices in the elemental stiffness matrix and elemental load vector in this element, as shown in the Appendix, the computational efficiency is very high. Finally, the global stiffness matrix and load vector can be obtained. 2. The displacement field and the strain field caused by the assumed inherent strain field can be obtained by solving the FEM equations. Finally, from equation (1), the residual stresses at the experimental points, shown as white points in Fig. 2 , can be computed, which are the components of one column of the sensitivity matrix corresponding to the ith component of inherent strain in vector p. 3. For iˆi ‡ 1, if i < n then go to step 1 to calculate the next column in the sensitivity matrix. Otherwise, the computation of the sensitivity matrix is finished.
In this way, the sensitivity matrix can be calculated efficiently. There are two merits in the present approach. Firstly, the order of the sensitivity matrix can be reduced greatly compared with the traditional inherent strain method [9] . Secondly, the stable results can usually be obtained by employing the smooth inherent strain field in the form of polynomials, i.e. enforcing the constraints of smoothness on the distribution of the inherent strain field.
NUMERICAL EXAMPLES
To verify the effectiveness of the present method, three examples have been selected. In the first example, a strip, in which the inherent strain field is assumed to be dependent on the x coordinate only, is used. In the second example, a strip with the same geometry as that in the first example is taken, but the distribution of the inherent strain is more complex. In the third example, a practical welding problem with the experimental data given by Fujimoto [16] has been chosen for testing the applicability of the present approach for some practical problems.
A strip with a simple inherent strain field
A welding strip is employed in this example. Due to the symmetry of geometry and the assumed inherent strain field about the y axis and x axis, only one-quarter of the strip is considered, as shown in Fig. 3 . The geometry and material constants are also illustrated in Fig. 3 . The inherent strain field is assumed as follows:
Here it is assumed that only å ¤ y causes residual stresses. A polynomial given in Table 1 has been used to approximate the inherent strain. In fact, if the source is defined within the whole domain of the plate, the terms of unknown coefficients a 0 and a 1 can be neglected since they automatically satisfy the compatibility equation, i.e. equation (4), and would make no contribution to the residual stresses. However, because the polynomial is only effective within the source area, these two terms generally make a contribution to the residual stresses. In order to determine five unknown coefficients in this polynomial, five keynodes have been selected. The y coordinates of the five key-nodes are equal to zero and the x coordinates are equal to 0.00, 0.005, 0.01, 0.015 and 0.02 m respectively. The source area is assumed to be as shown in Fig. 3 . According to the number of unknown parameters, eight FEM stress results at four isolated points have been taken as the experimental results in equation (3). Three groups of experimental points have been selected as illustrated in Table 2 . In practical problems, experimental results always contain noises or errors. To investigate the effect of the experimental errors on the identified results, the experimental errors have been simulated as follows:
where ó F is the final experimental data, ó Ff is the numerically simulated experimental data by the FEM and r is a percentage that denotes the level of noises or errors. The following r, i.e. 5, 10 and 20 per cent, have been introduced into the FEM simulated experimental results. By studying different distributions of the experimental points in detail, it was found that five experimental points can produce stable results from these numerical experiences. That is to say, one more experimental point is required compared with the case in which there is no error in the experimental data. The y coordinates of the five experimental points are zero and the x coordinates are equal to 0, 0.004, 0.008, 0.014 and 0.02 m respectively. The identified residual stresses are illustrated in Figs 6 and 7. Inspection of Fig. 6 reveals that the experimental error has a very small effect on ó x . In Fig. 7 , ó y has been affected more significantly by the errors. However, except in the case of a very high-level error, e.g. rˆ20 per cent, the results are still reasonable and acceptable.
In most practical cases, although several empirical formulations [9] can be used for some special cases, it is impossible to know the exact source boundary, where the inherent strain decreases to zero accurately, as shown in Fig. 3 . To study the effect of the error in the estimated source boundary, the following boundary error is first defined:
where L is the true source boundary as shown in Fig. 3 and L ‡ is the practical source boundary used in the identification procedure in Fig. 3 . For the sake of simplicity, only the case when the error is positive is considered.
The positions of the experimental points are the same as the third group given in Table 2 . The results have been displayed in Figs 8 and 9. From Fig. 8 , it can be seen that the error of the estimated source boundary has a very small effect on ó x at xˆ0. Figure 9 demonstrates that ó y is satisfactory at places far away from the source boundary. However, near the source boundary where no experimental points are given, the error of ó y increases significantly. Then it can be pointed out that the error effect of the estimated boundary is restricted within a narrow band area near the source boundary.
A strip with a more complex inherent strain field
In this example, the strip with the same geometry as that in the first example is considered, but the inherent strain is assumed to be more complex as follows: 
To identify the residual stresses caused by the above inherent strains, the polynomials shown in Table 3 are used.
According to the number of unknown coefficents in the polynomials given in Table 3 , 12 key-nodes are used in the example. The coordinates of the key-nodes are given in Table 4 . To resolve the 15 unknown coefficients in two polynomials from 12 key-nodes, 12 components of å ¤ x and 3 components of å ¤ y are taken. Then 15 linear equations can be set up in equation (9) to relate the unknown coefficients in the polynomials to the inherent strains at the key-nodes. More than 15 components of the residual stress due to 15 unknown parameters should be given by experiments. Here, the numerically simulated results at 12 points given in Table 5 are taken as experimental data, i.e. 24 components of the residual stress. The residual stresses are demonstrated in Figs 10 to 12. From these figures, it can be seen that the present method can provide a satisfactory estimation for the residual stresses although the inherent strain is more complex. Furthermore, it can be found that the present method can give out a stable result when the errors are considered in the experimental results.
Welding of a big plate
In this example, a practical welding problem is taken to validate the present method. A rectangular steel plate with a slit-type butt welded joint, as shown in Fig. 13 , is considered. For the example, Fujimoto [16] has given the experimental data using a sectioning technique to relax the residual stress field and measure it using strain gauges. The welding conditions and material constants are given in Table 6 , in which Q, t and B w are the heat input, plate thickness and welding length respectively. Due to symmetry of the problem, only one-quarter of the plate is considered, i.e. the positive xy quadrant in Fig. 13 . It is assumed that the inherent strain exists in the following area:
The inherent strain fields are assumed in Table 7 . According to the number of unknown coefficients, 12 key-nodes have been selected as shown in Table 8 , from which 12 components of å ¤ y and 3 components of å ¤ x are taken in the vector p. In this problem, there are in total 15 unknown parameters and 12 experimental points. Thus, there are 24 components of residual stresses at experimental points used as experimental data. The positions of experimental points are given in Table 9 . The final results are given in Figs 14 and 15. Inspection of these two figures reveals that the present method can give a very good estimation of the residual stress for the practical problem.
CONCLUSIONS
A systematic strategy has been proposed to estimate the residual stresses induced by welding. The key idea of the present method is to introduce some polynomials to simulate the inherent strain in the inverse problem. The singular modes are excluded when assuming the reasonable inherent strain field. Rational selection of the experimental points can be carried out effectively through the singular value decomposition. Compared with the traditional Table 9 Position of experimental points is further proved to be powerful in predicting accurate residual stresses. Because the inherent strain is approximated by some polynomials, a potential of the present method is that it can be used to study the relationship between the unknown coefficents in the polynomials and the welding parameters. Thus, when the welding parameters are changed, the established relationship can be easily and directly employed to estimate the residual stress. Another merit of the present method is that it can be extended to more complex welding problems, e.g. threedimensional structures. This topic will be discussed by the authors in the near future. Naturally, it should be noted that a limitation of the present method is its incapacity to capture the residual stress, which varies rapidly within a small region unless enough experimental information about the variation is given. Otherwise, the present method can only give an average value of the residual stress in the narrow region near the welding location. residual stresses on the mechanical behavior of 3D structures'.
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APPENDIX
By introducing the inherent strain into the element presented by Piltner and Taylor [17] based on the Hu-Washizu variational principle, the following functional is obtained:
where å, D, ó, u, å i and å 0 are strain, material elastic matrix, stress, displacement, incompatible strain and inherent strain respectively. Note that the incompatible strain used for å i is a nomenclature of numerical analysis, which is introduced as an assumed internal strain field for increasing the analysis accuracy and is completely different from the incompatible strain å ¤ in equation (1) . Assume the following interpolations:
uˆNq, åˆS , óˆSâ, å iˆBi (16) where N, S and B i are the interpolation matrices of the displacement, compatible strain and stress and incompatible strain and q, , â and are the nodal displacement parameters, strain parameters, stress parameters and incompatible strain parameters respectively.
By performing the variational operation to independent variables, i.e. q, , â and , a B-bar element can be obtained by assuming the strain field to be åˆBq ‡ B In the present work, the closed form of equation (21) has also been obtained. Assume that there are two components which are not zero in the inherent strain: 
Then for the loads in equation (21),
where 
